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Shape-similarity relations based on topological resolution
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Shape-similarities of electron density clouds of molecules provide important clues con-
cerning chemical and physical properties, including information about their reactivities in
biochemical systems. The concept of topological resolution is used for quantifying molecu-
lar similarities: within a hierarchy of finer and cruder topologies, the crudest topology that
already provides discrimination between two objects (such as two fuzzy electron density
clouds) is used to define a measure of their similarities. The finer this topology, the more
similar the two objects. This approach, the method of topological resolution-based similar-
ity measures (TRBSM), can be combined with a geometrically motivated resolution-based
similarity measure (RBSM) within a metric space. Some of the relations between these
two approaches are discussed in this contribution, with special emphasis on applications to
electron densities.

1. Introduction

Early studies of the three-dimensional shapes of molecules were carried out within
the context of stereochemistry (see, e.g., [1,3–5,8,12,26,28–30] where the emphasis
was placed on the nuclear arrangements. However, chemists have realized early that
it is not the nuclei but the electron density cloud that is the most chemically relevant
component of molecules. Nevertheless, the shift of attention to the electronic charge
cloud has occurred only slowly, since the study of low electron densities within the
bonding regions of molecules has proved to be a difficult task, both experimentally
and theoretically.

The mathematical tools that appear eminently suitable for the theoretical and com-
putational analysis of electron density clouds are provided by topology (for a sample of
the relevant branches of topology, see, e.g., [2,6,7,9,11,27,31–34]). Within the topolog-
ical context one should note that the physical nature of molecular electron densities pro-
vides special opportunities to exploit both topological and more conventional geometri-
cal methods for shape analysis. In this contribution such an approach will be followed.

In recent studies the information content of various local and global representa-
tions of molecular electron density clouds were the subject of special scrutiny, initiated
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by the proof of the Holographic Electron Density Theorem [22,23]. This theorem
states that any nonzero volume piece of the (nondegenerate, ground state) electron
density cloud of any molecule contains the complete information about the bound-
aryless electron density of the entire molecule. This statement can be viewed as an
actual strengthening of the celebrated Hohenberg–Kohn theorem [10], where the latter
states that the nondegenerate ground state electron density of a molecule determines
the energy and other properties of the molecule. Based on the Holographic Electron
Density Theorem, it is now evident that any small nonzero volume piece of the electron
density already determines the energy and other properties of the complete molecule.
That is, there is no need for the complete electron density (in the sense of the original
Hohenberg–Kohn theorem) to determine these other properties. Various applications
of this new theorem can already be found in the literature [24,25].

In the present study the information content of molecular electron densities will
be viewed from the perspective of topological shape analysis. Topology is a powerful
mathematical tool for shape characterization of fuzzy electron density clouds [18–
21], a fact that serves as the basis of the molecular Shape Group approaches [13–
17], relying on the homology groups of algebraic topology. In fact, the shape group
methods convert some of the essential aspects of molecular shape information into
a series of topological invariants, such as the ranks of homology groups defined by
the interplay between the local and global curvature properties of the electron density.
In this conversion, a formal reduction of information does occur, however, this can
be controlled by the choice of the range and representation of parameters describing
electron density and local curvature information.

In the context of electron density, the level sets G(K, a) (often referred to as
molecular isodensity contours, MIDCOs)

G(K, a) =
{

r: ρ(K, r) = a
}

(1)

are of special importance, where the density threshold a can take values from the
[0,∞) interval. (Note that in practice only a finite interval [amin, amax] is considered.)

For a simple shape analysis, the local shape of each MIDCO G(K, a) is compared
to a range of reference curvatures b. Accordingly, all points r along each MIDCO
G(K, a) are classified according to these local curvatures b. Specifically, there are
three domain types, D2(b), D1(b) and D0(b). At point r the contour surface G(K, a)
belongs either to

(i) a domain of type D2(b), if at point r the MIDCO G(K, a) is locally convex
relative to reference curvature b, or to

(ii) a domain of type D1(b), if at point r the MIDCO G(K, a) is locally of the saddle
type relative to reference curvature b, or to

(iii) a domain of type D0(b), if at point r the MIDCO G(K, a) is locally concave
relative to reference curvature b.

The patterns generated by these domains are analyzed and characterized using
the tools of topology. In this approach, the concepts of cruder–finer topologies are
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of relevance, defined in terms of conveniently chosen subbases, where the following
conventions and notations are used.

We say that within a set X a topology T is defined if a family of subsets of X
is specified as the open sets in X, where these sets must fulfill the following mutual
compatibility conditions.

A family T of subsets of X,

T = {Tα: X ⊃ Tα}, (2)

is called a topology on set X, if

(i) X, ∅ ∈ T, (3)

where ∅ is the empty set,

(ii)
⋃
β

Tβ ∈ T (4)

for any number of sets in T, and

(iii) Tα ∩ Tβ ∈ T (5)

for any two sets Tα, Tβ ∈ T.
A base B of topology T is a family of subsets of X where any element

Tα ∈ T (6)

of T an be obtained as the union of sets from base B:

Tα =
⋃
γ

Bγ ∈ B. (7)

A subbase S of topology T is a family of subsets of X where any element

Bγ ∈ B (8)

of a base B of topology T can be obtained as finite intersection of sets from subbase
S:

Bγ =
⋂
δ

Sδ, for finitely many Sδ ∈ S. (9)

Clearly, the level within a hierarchy of finer–cruder topologies, as well as the level
of topological resolution can be controlled by the choices of subbases S and bases B,
leading to a series of different topologies T defined on the same underlying space X.
In particular, if for two generating subbases S1 and S2 containing families of subsets
from the same underlying space X the relation

S2 ⊃ S1 (10)

holds, then for the corresponding topologies generated by these subbases the relation

T2 ⊃ T1 (11)
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must hold, that is, topology T2 is finer than topology T1.
We shall consider a family T of topologies Ti given in the underlying set X,

T = {T1, T2, . . . , Ti, Ti+1, . . .}, (12)

and we further assume that these topologies Ti are fully ordered by the finer–cruder
relation, that is,

Ti+1 ⊃ Ti (13)

for every index-pair i and i+1 represented in family T. The above finer–cruder relation
can be expressed for the corresponding topological spaces (X, Ti+1) and (X, Ti) as

(X, Ti+1) ⊃ (X, Ti) (14)

for every index-pair i and i+ 1, for which Ti and Ti+1 are included in the family T
of topologies.

Our task is to use the series of topological spaces

· · · ⊃ (X, Ti+1) ⊃ (X, Ti) ⊃ · · · ⊃ (X, T2) ⊃ (X, T1) (15)

for the description of similarities of objects defined within the underlying space X,
and the finer–cruder relation in series (15) provides the tools for this purpose.

2. The construction of subbases for hierarchies of topologies

The D2(b), D1(b), and D0(b) domains of MIDCOs (collectively referred to as the
Dµ domains) serve as natural choices for defining a series of topologies. For a given
choice of the curvature parameter b (by itself a geometrical entity), the D2(b), D1(b),
and D0(b) domains of a MIDCO G(K, a) form a family of subsets of the MIDCO,
and this family

S(K, a, b) =
{
Dµ(b)

}
(16)

may be taken as a subbase for a topology T(K, a, b) on G(K, a).
Take a finite series of monotonically increasing b values,

b1 < b2 < · · · < bi < · · · < bm, (17)

and the corresponding series of the associated truncation patterns

P (K, a, b1), P (K, a, b2), . . . , P (K, a, bi), . . . , P (K, a, bm) (18)

on the MIDCO G(K, a).
One may take the combined pattern of several of these patterns, for example, by

superimposing all the first i′ patterns, i.e. the subsequence of patterns P (K, a, bi) for
indices from 1 to i′:

P (K, a, b1), P (K, a, b2), . . . , P (K, a, bi′). (19)
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Using these patterns, the combined pattern

P (K, a, b1, . . . , bi′) (20)

of the MIDCO G(K, a) is obtained.
Just as for each bi value the set of Dµ(bi) domains of the pattern P (K, a, bi) may

serve as a defining subbase S(K, a, bi)

S(K, a, bi) =
{
Dµ(bi)

}
, (21)

leading to a specific topology T(K, a, bi) on the MIDCO G(K, a), also, for each series
b1 < b2 < · · · < bi, the union of subbases S(K, a, b1), S(K, a, b2), . . . , S(K, a, bi′),

S(K, a, b1, . . . , bi′) =
i′⋃
k=1

S(K, a, bk), (22)

itself can be regarded as a subbase that defines a topology T(K, a, b1, . . . , bi′), where
the corresponding topological spaces are(

G(K, a), T(K, a, bi)
)

(23)

and (
G(K, a), T(K, a, b1, . . . , bi′)

)
, (24)

respectively.
This construction of topologies on the MIDCO G(K, a) ensures that for any

increasing series of bi′ values the corresponding topologies are related by the weaker–
stronger relation.

Specifically, for the defining subbases S(K, a, b1, . . . , bi′) of the topologies
T(K, a, b1, . . . , bi′) of various upper indices i′ fulfilling the relation

1 6 i′ 6 m− 1, (25)

the following inclusion relation:

S(K, a, b1, . . . , bi′+1) ⊃ S(K, a, b1, . . . , bi′), (26)

holds. Consequently, the corresponding topologies defined by these subbases also obey
an inclusion relation (stronger–weaker relation)

T(K, a, b1, . . . , bi′+1) ⊃ T(K, a, b1, . . . , bi′). (27)

In other words, the series of subbases S(K, a, b1, . . . , bi′), the corresponding
topologies T(K, a, b1, . . . , bi′), and the associated topological spaces (G(K, a),
T(K, a, b1, . . . , bi′)) are fully ordered,

S(K, a, b1, . . . , bm) ⊃ S(K, a, b1, . . . , bm−1) ⊃ · · ·
⊃ S(K, a, b1, . . . , bi′) ⊃ · · · ⊃ S(K, a, b1), (28)
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T(K, a, b1, . . . , bm) ⊃ T(K, a, b1, . . . , bm−1) ⊃ · · ·
⊃ T(K, a, b1, . . . , bi′) ⊃ · · · ⊃ T(K, a, b1), (29)

and (
G(K, a), T(K, a, b1, . . . , bm)

)
⊃
(
G(K, a), T(K, a, b1, . . . , bm−1)

)
⊃ · · ·

⊃
(
G(K, a), T(K, a, b1, . . . , bi′)

)
⊃ · · · ⊃

(
G(K, a), T(K, a, b1)

)
. (30)

The above ordering, by its very construction in terms of subbases ordered by the
inclusion relations (28), represents a hierarchy of finer–cruder topologies.

3. Topological resolution as a similarity measure

The monotonic series (29) of topologies provides a convenient basis for an imple-
mentation of the technique of topological resolution for the shape analysis and eventual
similarity analysis of MIDCOs G(K, a).

The index i′ serves as a monotonically changing integer parameter, leading grad-
ually to increasing topological resolutions. Accordingly, a similarity measure based on
topological resolutions can be constructed using these topologies T(K, a, b1, . . . , bi′).
One can recognize that this similarity measure is a special case of resolution-based
similarity measures, RBSM. When it is necessary to emphasize that this is a topological
resolution-based similarity measure, then the acronym TRBSM may be used.

Consider two molecules M1 and M2, in two nuclear configurations, K1 and
K2, respectively. Restrict the analysis to two density thresholds a1 and a2, and to
the corresponding MIDCOs G(K1, a1) and G(K2, a2), respectively. The associated
topological resolution-based similarity measure is constructed as follows.

We assume that for the range 1 6 i′ 6 m of indices i′, two series of topologies,{
T(K1, a1, b1, . . . , bi′)

}
(31)

and {
T(K2, a2, b1, . . . , bi′)

}
, (32)

are determined for the molecules M1 and M2, respectively.
Within the context of the series of topologies discussed above, we say that two

MIDCOs G(K1, a1) and G(K2, a2) have [b1, . . . , bi′]-equivalent shapes at some level i′

of topological resolution,

G(K1, a1) eq[b1, . . . , bi′] G(K2, a2), (33)

if and only if there is a one to one and onto correspondence between the two defining
subbases S(K1, a1, b1, . . . , bi′) and S(K2, a2, b1, . . . , bi′) where the curvature index µ
assignment of each element of the subbase for each sublevel k, 1 6 k 6 i′ is preserved.
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If the curvature values are evident from the context, then one may use the simpler
notation

G(K1, a1) eq G(K2, a2). (34)

Molecular electron densities show many common features. If the first reference curva-
ture b1 is chosen as a large enough negative value, and if the electron density thresholds
a1 and a2 of the two MIDCOs are chosen appropriately, then the equivalence

G(K1, a1) eq[b1] G(K2, a2) (35)

holds for any two nuclear configurations K1 and K2 of practically any two molecules
M1 and M2. This is a consequence of the simple fact that for small enough density
thresholds a1 and a2, both of the MIDCOs G(K1, a1) and G(K2, a2) are, typically,
topological spheres. This occurs if both patterns P (K1, a1, b1) and P (K2, a2, b1) are
trivial patterns, each formed by a single domain D0(b1). Consequently, a common
initial pattern exists for any two molecules M1 and M2, if taken at a low level of
topological resolution. At this low resolution level, the two molecular shapes appear
topologically equivalent, not dependent either on the chemical nature or on the actual
nuclear configurations K1 and K2.

However, if the two molecules M1 and M2 are different, or if one considers
two different nuclear configurations K1 and K2 for a given molecule, then not all
levels of combined patterns are topologically equivalent. Consequently, the method of
topological resolution reveals the differences between the two molecules, unless the
interval of the curvature threshold values is not sufficiently resolved by the selection
b1 < b2 < · · · < bi < · · · < bm.

Typically, a gradual increase of the topological resolution eventually reveals the
shape differences between two different molecules M1 and M2. If the reference cur-
vature bi′ has a high enough value, then even slight conformational deviations of the
same molecule are revealed by the method of topological resolution.

A non-equivalence of the shapes of two MIDCOs G(K1, a1) and G(K2, a2) at
some level i′ of topological resolution is formally stated as

G(K1, a1) noneq [b1, . . . , bi′] G(K2, a2). (36)

If the lowest index i′ for an equivalence G(K1, a1) eq[b1, . . . , bi′] G(K2, a2) is higher,
this implies a higher level of similarity, where a finer (stronger) topology provides a
higher level of topological resolution.

Consider a family of molecules

M1, M2, . . . , Mj , . . . , Mn, (37)

with nuclear configurations

K1, K2, . . . , Kj , . . . , Kn, (38)

and (the comparable) electron density threshold values

a1, a2, . . . , aj , . . . , an, (39)
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for a corresponding set of MIDCOs

G(K1, a1), G(K2, a2), . . . , G(Kj , aj), . . . , G(Kn, an). (40)

For the pairwise comparisons of these MIDCOs, the maximum indices of eq[b1, . . . ,
bi′]-equivalence are denoted by

ijk = ijk
[
G(Kj , aj),G(Kk , ak)

]
. (41)

If, for example, for the three indices

i12 < i13 < i23 (42)

holds, then among the three MIDCO surfaces G(K1, a1), G(K2, a2), and G(K3, a3)
of three molecules, M1, M2, and M3, taken at nuclear arrangements K1, K2, and
K3, and using the method of topological resolution, the pair G(K2, a2) and G(K3, a3)
of MIDCOs shows the highest degree of similarity, and the method of topological
resolution indicates the lowest degree of similarity for the pair G(K1, a1) and G(K2, a2)
of MIDCOs.

4. A topological dissimilarity measure based on topological resolution

For a fixed set of topologies, the quantity

m− i12

may serve as a dissimilarity measure. This quantity, however, is not a metric on the
abstract space of all shapes, since a formal zero distance may be obtained for two
geometrically different objects, that is, for two objects of different shapes at infinite
resolution.

5. Summary

An implementation of the framework of topological resolution, adapted to the
description of molecular similarity and dissimilarity, is described.
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[30] J. Rétey and J.A. Robinson, Stereospecificity in Organic Chemistry and Enzymology (Verlag Chemie,

Weinheim, 1982).
[31] G.F. Simmons, Introduction to Topology and Modern Analysis (McGraw-Hill, New York, 1963).
[32] I.M. Singer and J.A. Thorpe, Lecture Notes on Elementary Topology and Geometry (Springer-Verlag,

New York, 1976).
[33] E.H. Spanier, Algebraic Topology (McGraw-Hill, New York, 1966).
[34] J. Vick, Homology Theory (Academic Press, New York, 1973).


